Abstract. In this work we establish a necessary and sufficient condition for a genus 0 entire function f (z) has only positive zeros by applying Hausdorff moment problem and Mergelyan's theorem, the obtained criterion is very much reminiscent of Xian-Jin Li's criterion on the Riemann hypothesis. We also apply this criterion to the Riemann hypothesis and the generalized Riemann hypothesis for certain Dirichlet L-series of real primitive characters.
Introduction
In this work we are dealing with two problems related to the power sums for a complex sequence. The first problem is to find a criterion that a sequence is also positive, and the second problem is to determine number theoretical properties of a power sum. The first problem is directly related to the Riemann hypothesis of a zeta function associated with a special function. We shall apply Hausdorff moment problem and Mergelyan's theorem to prove a necessary and sufficient condition for an absolutely summable sequence {λ n } ∞ n=1 that is also a positive sequence. This criterion is first formulated in terms of power sums ∞ n=1 λ k n , k ∈ N, then we restate it for an entire function of genus 0. Given an even entire function g(z) of at most genus 1, since the entire function defined by f (z) = g( √ z) is of genus 0, then we can apply this criterion to obtain necessary and sufficient conditions for the Riemann hypothesis and generalized Riemann hypothesis of certain L-series. The obtained criterions remind us of Xian-Jin Li's necessary and sufficient conditions for the Riemann hypothesis [4, 11] . Since power sums of a sequence are often special values of a zeta function, the solution to the second problem gives us an number theoretical description for these special zeta values. We shall demonstrate that the power sums of zeros for an entire (basic) hypergeometric function of genus 0 are in the field of rational functions in its parameters over rationals, similar conclusion holds for an even power sum of zeros for an even entire hypergeometric function of genus 1.
Preliminaries
Given an entire function f (z) = ∞ n=0 a n z n , its order can be computed by
where z 0 ∈ C is an arbitrary point and f (n) (z) is the n-th derivative of f (z). The genus for an entire function of finite order
where
It is well known that φ(t) is even, positive, smooth and fast decreasing on R. Evidently,
It is known that all the zeros of Ξ(z) are within the horizontal strip |ℑ(z)| < 1 2 , hence for each real number only finitely many zeros of Ξ(z) have it as their real part. If we list all its zeros with positive real part, first according to sizes of their real parts, then the absolute values of the imaginary parts [19] ,
which is essentially proved in section 2.8 of [8] . Hence, (2.3)
defines an entire function such that
The Riemann hypothesis is equivalent to the statement that all the numbers in (2.1) are positive.
Given m ∈ N, let χ(n) be a real primitive character to modulus m with parity a, [3, 7, 15, 19] 
It is known that the even entire function of genus 1, [7, 8, 15, 19 ]
has a Fourier integral representation [7, 8, 15, 19] ,
The function φ(t, χ) is clearly smooth and fast decreasing on R. By applying transformation formulas for a character θ function, one can show that φ(t, χ) is also even. From (2.5) Ξ(z, χ) has the power series expansion
In the following discussion we assume the condition
It is also known that all the zeros of Ξ(z, χ) are within the horizontal strip |ℑ(z)| < 
Then from the theory developed in [7, 8, 15] we have
Thus,
defines an entire function such that (2.10) 
we know that
defines an entire function of genus 0 with only positive zeros. For ν > −1, let [3, 12, 17, 19] 0 < j ν,1 < j ν,2 < · · · < j ν,n , . . . be all the positive zeros of the Bessel function
is an even entire function of genus 1 such that
Then the entire function defined by (2.12)
The modified Bessel function [3, 10, 12, 17] (2.14)
is an entire function in variable z. It is known that for a > 0, K iz (a) is an even entire function of genus 1 in variable z that has only real zeros. Let
be the zeros of the Airy function [3, 12, 19 ]
Then it is an entire function of genus 1 that has only positive zeros, and it satisfies [19] (2.15)
Then the entire function defined by (2.16)
For ν > −1, let
be all the positive zeros of the q-Bessel function [3, 12] 
Then the genus 0 even entire function
Thus the entire function defined by
be all the zeros of the Ramanujan's entire function [2, 3, 12] , then
is an entire function of genus 0 with only positive zeros.
Main Results
A convenient proposition to determine the number theoretical properties of certain power sums: 
A positivity criterion for an absolutely summable sequence in terms of power sums:
Theorem 2. Assume that {λ n } ∞ n=1 ∈ C is an absolutely summable sequence such that not all of them are zeros. Let
Then, {λ n } ∞ n=1 is a sequence of positive numbers if and only if for some λ ≥ sup |λ n | n ∈ N , 
, n ∈ N, and
in Theorem 2 to get:
Corollary 4. The Riemann hypothesis is valid if and only if for some fixed
, where
13)
The first 4 p n s are: 
From Corollary 3 we get:
Corollary 6. Given m ∈ N, let χ(n) be an non-principal real primitive character to modulus m with parity a such that φ(t, χ) ≥ 0, t ∈ R.
Then the generalized Riemann hypothesis is true for L(s, χ) if and only if for some positive number ρ
such that 0 < ρ ≤ inf |z| Ξ(z, χ) = 0 , and for all nonnegative integers j, k we have
From Corollary 4 we get:
Corollary 7. The Riemann hypothesis holds if and only if for some positive number
ρ such that 0 < ρ ≤ inf |z| Ξ(z) = 0 , and for all nonnegative integers j, k we have
Applying Theorem 5 to even entire functions of genus at most 1:
be an even entire function of genus at most 1 such that it takes real values for real z, and G(0) = 0. If G(z) has only real roots, then for all c ∈ R and for all nonnegative integers j, k we have
where ρ is a fixed positive number such that 0 < ρ < inf |z| G(z) = 0 .
Remark 9. Inequalities (3.19) are valid for the following special functions: 
Proofs
The following lemma gives a recurrence and a closed formula to express power sums p k in terms of multi-sums e k . 
Then both series
converge absolutely, and they satisfy
(−e i ) ri .
Proof. Let x 1 , x 2 , . . . , x n ∈ C, [13] ,
and e (n)
with conventions e (n) k = e k (x 1 , . . . , x n ) = 0, k > n. Then for k, n ≥ 1, we have the following recurrence [13] (4.4) p (n)
and the closed formula,
Then we have
From (4.4) and (4.5) we get
We observe that since k here is a fixed positive integer, then both of (4.6) and (4.7) are relations of finite terms. Thus we can take limit N → ∞ in these identities to get (4.2) and (4.3) respectively.
The following lemma gives a method to express the power sums p k and multisums e k in terms of the logarithmic derivatives and derivatives of their associated entire function f (z) at z = 0.
be an absolutely summable sequence of complex numbers and let
and (4.10)
Proof. For any N ∈ N, clearly,
Since ∞ n=1 |λ n | < ∞, then for z in any compact subset of C we have
uniformly. On the other hand, we observe that
For |z| ≤ ( ∞ n=1 |λ n | + 1) −2 , the right hand side series of (4.11) converges absolutely and uniformly, then,
and (4.9) is proved. For |z| ≤ (
(1 − λ n z) = 0, and it converges uniformly and absolutely, then,
and (4.10)follows.
Remark 12. Notice in the above proof, we only need the fact both series are convergent in a neighborhood of 0. But it is possible to show both series converge on the punctured complex plane by considering their tails instead.
Lemma 13.
Assume that the generating function f (z) = ∞ n=0 a n z n for a complex sequence {a n } ∞ n=0 is analytic at z = 0. Then for all nonnegative integers j, n we have
Proof. First we observe that
Clearly, it is true for j = 0. Assume that (4.13) holds for any j ≥ 0, then,
and (4.13) is proved by mathematical induction. Observe that
Hence for j, m ≥ 0 we have
4.1. Proof of Proposition 1. The main assertion of this proposition follows from formulas (4.3) and (4.9), the same conclusion can be drawn by applying mathematical induction to the recurrence (4.2).
Example 1 follows from applying the main assertion to (2.11) and λ k = 1 k 2 , example 2 follows from (2.12) and
. For example 3, we first observe that Q (a 0 , a 1 , a 2 , . . . , a n ) = Q (a 0 , a 1 , a 2 ) , n ≥ 2 from (2.18), then we apply Γ(x)Γ(1 − x) = π sin x and Γ(x + 1) = xΓ(x) to (2.18) to obtain a 0 = 2π, a 2 = 2π
.
. Now it is easy to see that a n ∈ Q √ 3, π, Γ p i+j+1 c i c j ≥ 0.
If {λ n } ∞ n=1 is not a sequence of positive numbers, then at least one of the λ n s are negative or with nonzero imaginary parts. Let us eliminate the complex case first.
Assume there are at least one λ n with nonzero imaginary parts, Since ∞ n=1 |λ n | < ∞, then for any ǫ > 0 there exist finitely many of them having imaginary parts bigger or equal to ǫ in absolute value. Thus, there exist only finitely many of λ n s with largest imaginary parts in absolute value, and they are on one or two horizontal lines. We list them and their complex conjugates into distinct pairs as {γ 1 , γ 1 } , {γ 2 , γ 2 } , . . . , {γ n , γ N }. Let a = inf |ρ j − ρ k | ρ j = ρ k , ρ j , ρ k ∈ ∪ 
